[1] Ice streams are regions of fast flowing glacier ice that transport a significant portion of the total ice flux from present ice sheets. The flow pattern of ice streams can vary both temporally and spatially. In particular, ice streams can become stagnant and change their path. We study the dynamics of ice streams using an idealized model of an isothermal and power law viscous ice flow that includes horizontal (lateral) shear stresses. The basal sliding law is assumed to be triple-valued. We investigate the spatiotemporal patterns formed because of the flow over a flat bed, fed from an upstream mass source. The ice flows from the mass source region through one or two gaps in a prescribed upstream topographic ridge which restricts the flow, leading to the formation of one or two ice streams. We find a relation between the parameters of the ice rheology and the width of the ice stream shear margins and show how these parameters can affect the minimum width of an ice stream. We also find that complex asymmetric spatiotemporal patterns can result from the interaction of two ice streams sharing a common mass source. The rich spatiotemporal variability is found to mostly be a result of the triple-valued sliding law, but non-Newtonian effects are found to play a significant role in setting a more realistic shear margin width and allowing for relevant time scales of the variability.
Introduction
[2] Ice streams are bands of fast flowing ice embedded within a region of slower ice flow that are observed in the present ice sheets and may have been active in past ice sheets. In Antarctica, ice streams cover merely 10% of the ice sheet surface but may account for about 90% of the ice transport [Bamber et al., 2000; Bennett, 2003] . Observational evidence suggests that the pattern of ice stream flow can change both spatially and temporally and that ice streams were possibly involved in events of past ice sheet collapses [Heinrich, 1988; MacAyeal, 1993a MacAyeal, , 1993b Marshall and Clarke, 1997] . Understanding the dynamics of ice streams is therefore important to be able to predict the evolution of ice sheets on many time scales.
[3] The ice streams in the Siple Coast, which drain part of the West Antarctic Ice Sheet, extend over a length of several hundreds of kilometers and are 20-50 km wide. The velocity contrast between the stream and the interstream regions can be two orders of magnitude, which results in high horizontal (lateral) shear stresses at the few kilometers wide ice stream margins [Echelmeyer et al., 1994] . This suggests that horizontal shear stresses may be dynamically important in the vicinity of the shear margins. Observations indicate that shear margins of some ice streams can change their position at an average speed of the order of 100 m/yr [Bindschadler and Vornberger, 1998 ]. Some evidence also suggests that regions that were active streams several hundreds of years ago are currently stagnant [Retzlaff and Bentley, 1993; Jacobel et al., 2000; Catania et al., 2006] , or being crossed by more recent ice streams [Gades et al., 2000; Conway et al., 2002] . This spatiotemporal behavior may be the consequence of a competition of several ice streams over a common mass source [Anandakrishnan and Alley, 1997; Joughin et al., 1999] .
[4] The topography beneath the Siple Coast ice streams seems to, at most, weakly constrain the flow of the ice stream trunks. In particular, no consistent relation between the shear margin position and the bottom topography has been identified [Raymond et al., 2001] . This is in contrast to the prominent role of the bed topography in the ice stream onset area [Bell et al., 1998; Anandakrishnan et al., 1998 ]. Measurements also suggest that the ice stream onset occurs atop several hundreds of meters to a kilometer thick layer of sediments, which apply an order of magnitude less frictional resistance to the ice above as compared to the material of the surrounding ridges [Anandakrishnan et al., 1998; Bell et al., 1998; Peters et al., 2006] . Moreover, the ice-bed interface under the downstream section of ice streams can be substantially lubricated by meltwater and deformable sediments [Kamb, 1991; Stokes et al., 2007] .
[5] Various mechanisms have been examined with relation to the formation and spatiotemporal variability of ice streams. Thermoviscous effects were considered by Payne [1995] , Marshall and Clarke [1997] , Payne and Dongelmans [1997] , Hindmarsh [1998] , Hulbe and MacAyeal [1999] , Payne et al. [2000] , Pattyn [2003] , Saito et al. [2006] , and Hindmarsh [2009] . In particular, Payne and Dongelmans [1997] attributed ice stream variability to the competition over a common source, although these results may be modeldependent [Payne et al., 2000] . Ice shear thinning rheology may be incapable to leading to spontaneous formation of ice streams through shear flow instability [Sayag and Tziperman, 2008] . Bed properties and conditions beneath the ice are believed to play a dominant role in the dynamics of ice flow [e.g., Fowler, 1986; Tulaczyk et al., 2000; Schoof, 2004b Schoof, , 2004a Schoof, , 2006 . In particular, a triple-valued sliding law (similar to the one shown in Figure 1 ), was extensively studied in the context of glacier temporal variability and was shown to be useful for modeling glacier surging [Lliboutry, 1969; Hutter, 1982a Hutter, , 1982b McMeeking and Johnson, 1986; Fowler, 1986 Fowler, , 1987 Greenberg and Shyong, 1990; Fowler and Johnson, 1995; Fowler and Schiavi, 1998 ]. Fowler and Johnson [1996] showed that a triple-valued sliding law can lead to isolated domains of rapid flow, and suggested this as a possible mechanism for the development of ice streams. In a model that included horizontal shear stresses, Tziperman [2009, henceforth ST2009] showed that a triple-valued sliding law (Figure 1 ) can lead to an ice-stream-like solution and account for both steady and time oscillatory behaviors (section 2). Note that a multivalued sliding law, which describes the sliding velocity as function of the basal stress, could also be described alternatively as a "cubic-like friction law," giving the stress as function of the sliding velocity.
[6] In this work we extend the study of ST2009 in two main directions. First, we investigate the effect of a nonNewtonian ice rheology on the spatial patterns of the flow under a triple-valued sliding law. Second, we study the spatiotemporal patterns of flow due to the interaction of two ice streams. For this purpose, we specify a transversely uniform mass source along the full width of the ice sheet surface at the upstream boundary. A specified topographic ridge constrains the ice to flow via one or two openings in the topography, creating one or two streams whose variability and interaction we study. We use numerical simulation with adaptive time step and spatial resolution of 2.5 km. This setup allows us to resolve idealized yet robust model solutions of coexisting ice streams and interstreams, and the shear margins in between, as confirmed by comparison with higher-resolution (1.25 km) simulations.
[7] The model and geometry used here are highly idealized, and we intentionally do not limit the parameter regime to a physically realizable one. Thus, this work does not attempt to realistically model ice streams, but rather attempts to study ice flow regimes motivated by observed ice streams and spanning a wider parameter range. This approach of exploring near-physical regimes, often results in interesting insights and is commonly used in bifurcation studies of geophysical systems [e.g., Dijkstra, 2000] .
[8] By using the simplified dynamics and geometry, we are able to develop a relation between the parameters describing the ice rheology and the width of the model ice stream shear margins. We demonstrate how ice rheology affects the minimum sustainable ice stream width, as well as a lower bound on its maximum speed. Finally, we show the spontaneous symmetry breaking of a time oscillatory solu- Figure 1 . The triple-valued sliding law (or a cubic-like friction law) (ST2009) used in the present study. This friction law is composed of two linearly stable branches, slow (v < v c − ) and fast (v > v c + ), and therefore can sustain stable flows of coexisting streams and interstreams. tion of two streams that is initially spatially symmetric. Specifically, as a result of an asymmetric initial perturbation to the ice thickness field, such a flow becomes spatially asymmetric, and gives rise to complex variability patterns such as the competition of two ice streams over a common source.
The Triple-Valued Sliding Law: Motivation and Possible Physical Mechanism
[9] A triple-valued sliding law relating the ice sliding velocity v to the bottom stress t b is shown in Figure 1 . Note that for small velocities, v < v c − , the stress increases with velocity. For intermediate velocities, v c − < v < v c + , the stress decreases with the increasing velocity, and for larger velocities, v > v c + , the stress again increases with v. Such sliding laws have been used in particular in the context of surging glaciers [e.g., Lliboutry, 1969; Fowler, 1987] , and Fowler and Johnson [1996] suggested that it may also account for ice streams.
[10] Measurements in the Siple Coast Whillans Ice Stream (originally ice stream B) show that the longitudinal component of velocity can drop from 400 m/yr to several meters per year across a narrow 4-5 km shear margin [e.g., Echelmeyer et al., 1994] . In an effort to understand this transition ST2009 have assumed a unidirectional plug flow, Newtonian rheology and that the basal stress is a function of the ice velocity alone. Under these idealized assumptions one obtains a simple one-dimensional force balance, which in dimensionless form is
where v(x) is the plug flow velocity, x is the coordinate across that flow, " ( 1 is a dimensionless parameter representing the ratio of vertically-integrated horizontal shear stress to basal shear stress, and the terms on the LHS are horizontal shear stress divergence, driving stress (assumed constant), and basal shear stress, respectively. The structure of equation (1) indicates that the viscous shear stress divergence has negligible contribution to the force balance everywhere except in regions where divergence of strain rates is large, namely, where v ,xx ∼ 1/". This implies that equation (1) can have solutions with boundary layers (shear margins) where sharp velocity gradients and concentrated stresses occur. Such concentrated shear stresses are hinted in observations of shear margins via the presence of crevassing. ST2009 showed that a triple-valued relation between the ice velocity and the basal shear stress, t b (v), is naturally motivated by equation (1), together with a nonuniform velocity profile representing an ice stream and an interstream ridge, coupled by a narrow shear margin.
[11] The triple-valued property of the sliding law permits two distinct and linearly stable modes of flow for the same basal drag: a fast one (v > v c + in Figure 1 ) and a slower one (v < v c − ). A stable flow velocity at a given position will become unstable if the basal shear stress at that position reaches one of the critical values, t c ± . For example, starting with a flow velocity on the slower branch and corresponding basal stress, t b , a small increase in the applied driving stress can increase the flow velocity slightly if t b ( t c − , but will lead to a significant amount if t b = t c − . In addition, these two modes of flow can coexist in a bistable state of flow (motionless margins) or an unstable state (margins move toward the ice stream center or away from it). These stability properties of the friction law may change in more complicated 3-D ice flows. When the dynamics of model ice streams are dominated by a triple-valued sliding law, ST2009 find that there is no preferred ice stream width, and the model stream width is then found to be controlled by external factors such as the rate and distribution of snow accumulation.
[12] Numerical simulations with an ice sheet model that includes membrane stresses (shelf stream approximation) with a triple-valued sliding law similar to Figure 1 show solutions of both a steady ice stream over a uniform bed, and a periodically surging ice stream (ST2009). This suggests that the physical mechanism of ice streams and surges may be related, as also proposed earlier by Weertman [1964] and Fowler and Johnson [1996] . Mechanisms that were proposed to explain glacier surging, such as the reorganization of the subglacial drainage system [e.g., Walder, 1982; Kamb et al., 1985; Kamb, 1987; Fowler and Johnson, 1996; Raymond, 2000] or related mechanism that results in bimodal flow states [e.g., MacAyeal, 1993a; Tulaczyk et al., 2000] , are also potential candidates to account for ice streams. More specifically, the triple-valued sliding law may be rationalized following these references as follows: at low sliding velocities (v < v c − ), meltwater production is at low rate and effectively drained, leading to an inefficient lubrication and large basal stress. At faster sliding velocities (v c − < v < v c + ), drainage rate is insufficient to balance meltwater production, leading to efficient lubrication and reduced friction. Finally, at yet higher sliding velocities (v > v c + ) low-pressure channels may form close to the ice stream center, and drain subglacial water effectively, leading again to an increase in basal stress (similar principle to "drainage limited" stability [Raymond, 2000] ).
[13] A critical element of the triple-valued sliding law is therefore the faster branch (v > v c + ), which allows a fast and stable flow regime and therefore a steady ice stream solution, in contrast to a "runaway" situation. This triple-valued structure also leads to roughly similar basal shear stresses near the ice stream center and in interstream regions far from shear margins, where they are of the order of the driving stress, t d . Basal shear stress near the shear margins, where horizontal shear stresses are important, can be significantly smaller than the driving stress (Figure 1 ) (ST2009, Figure 8 ). In reality, basal shear stress in the vicinity of the ice stream center may be smaller than that at the interstream far from the margin, due to processes that the idealized model of ST2009 does not include.
[14] The subglacial processes mentioned above were not explicitly included in the triple-valued sliding law of ST2009. Nevertheless, it was suggested there that it may be possible to account for some of the observed ice stream features using any other basal processes which lead to a triple-valued relation between ice velocity and basal shear stress.
The Model
[15] Consider the flow of ice of density r and constant temperature, within a rectangular domain. The two horizontal coordinates are x (transverse to the mean flow) and y (along the mean flow), and z is the vertical coordinate. The ice force balance is derived under the assumptions that the basal shear stress is much smaller than the ice viscous stresses, which leads to plug flow; that the ice sheet ratio of the vertical to horizontal length scales, [h]/[L], is small (see notation section); and incompressibility. Under these assumptions, the three-dimensional Stokes equations can be approximated to leading order as a horizontal plain flow (shelf stream approximation) [MacAyeal, 1989] ,
Variables and parameters are defined in the notation section. The velocity field is given by v = ux + vy, where x, y are unit vectors in the horizontal coordinate directions, and m is the effective viscosity governed by a power law viscous constitutive relation [e.g., Hutter, 1983] ,
The ice stiffness parameter, A, is an Arrhenius function of the temperature and of the activation energy;
is the leading-order approximation of the second invariant of the strain rate tensor; and n is the flow law exponent. Typically, n > 1, suggesting that the model ice behaves as a shear thinning fluid (reduction of effective viscosity with increased rate of strain), and therefore requires a regularizing parameter, R, that is introduced into equation (4) [e.g., Hutter et al., 1981] . We choose log 10 R = −28 by matching equation (4) with rheological experimental data of Barnes et al. [1971] [Sayag, 2009] . Below, we study the flow in a range of the rheological parameters n and A that is within the experimental uncertainty [e.g., Barnes et al., 1971; Goldsby and Kohlstedt, 2001] .
[16] The ice thickness is h(x, y, t) = s − b, where z = s(x, y, t) is the ice surface and z = b(x, y) is the bed topography, which is specified as a ridge that separates the mass source area upstream from a flat downstream region. The ridge has either a single opening (Figure 2a ) or two openings ( Figure 10a ) and is specified as
where the number of exponents in the sum over j determines the number of openings in the topography, and the related parameters are specified in Table 1 . Such bed topography allows us to control the outflow of the mass source and therefore the number, and to some degree the maximum width, of the ice streams, as further discussed below. As explained in the introduction, this geometry is not meant to realistically simulate the Siple Coast topography, but to allow us to control the number and location of ice streams and to study their interaction.
[17] The cubic-like friction law (section 2) used to calculate the bottom shear stress, t b = (t b x , t b y ), is a critical element of this study and is based on the one used by ST2009 (Figure 1 ),
where [v] is the velocity scale, [t b ] is the basal shear stress scale, # = |v|/[v] is the nondimensional magnitude of the velocity, and where the parameters a and b are chosen such that the slow and fast velocity regimes are similar to those observed (see notation section). The friction term b/b 0 , is introduced to account for the observed larger friction due to subgrid-scale bottom roughness in ice stream onset regions of prominent bed topography (see references in section 1), with the purpose of artificially forcing the ice to flow primarily via the opening(s) in the basal topography.
[18] Conservation of mass implies
where the specified net accumulation rate, M, is prescribed to be independent of x,
and where M 0 is the mass source intensity (Tables 2 and 3 ). Note that the large and unrealistic values of the mass accumulation source, here specified over a small area of the domain, are meant to represent smaller accumulation rates over larger upstream areas in reality.
[19] The model we use is based on assumptions that may not hold in regions where vertical shear or thermal effects on creep become of leading importance, such as in the onset regions. However, we argue that the triple-valued sliding law is the key dynamical component responsible for the results we show below, and that the above processes would only affect these results quantitatively, as further discussed in section 6.
[20] We use finite difference to discretize the force and mass balance equations on a staggered grid. The domain size is 250 km by 250 km, with 2.5 km or 1.25 km grid spacing. The diagnostic and nonlinear force balance equations and the effective viscosity field are iteratively solved simultaneously using Picard iteration with a subspace correction [Hindmarsh and Payne, 1996] to cope with the highvelocity shear. The time-dependent mass balance equation is integrated using an adaptive time step approach, with time step ranging from 1 min to 12 h. The boundary conditions on the domain sides, x = 0, 1, are periodic, while the upstream boundary at y = 0 is free slip (t xy = 0) and allows no normal flow (v = 0). The down stream boundary conditions are based on the outflow condition suggested by Papanastasiou et al. [1992] , which is essentially an upwind difference scheme near the boundary. However, this condition is insufficient since the solution becomes numerically unstable as the shear margin front approaches the outflow boundary. We overcome this problem by adding the condition v ,y = 0 at the outflow, y = 1. Computations are performed with Intel FORTRAN using parallel sparse direct solver, PARDISO. The numerical model is presented thoroughly by ST2009, where a constant viscosity m was assumed.
Analysis of a Single Stream Scenario

Shear Margin Width
[21] We start by analyzing the factors that determine the width of the ice stream shear margins in this model. The shear thinning rheology of ice implies that where the shear rate is larger, the effective viscosity is lower. This effect is clearly reflected in simulation results where a steady ice stream develops (Figure 2) . The model ice stream emerges downstream from the opening in the ridge (Figure 2c ) and has narrow yet clear shear margins that separate the region of fast and slow flow. The effective viscosity in the shear margins is about three orders of magnitude smaller than at the center of the stream or in regions outside of the stream, indicating significant shear thinning (Figure 2d) .
[22] The extent of shear thinning depends on the rate of shear and also on the parameters n and A in equation (4). The effect of these parameters on the width of an ice stream shear margin can be estimated directly from equation (3) to within constant factors that can be evaluated numerically. Neglecting variations of the flow field in y and assuming
Substituting m = (1/2)A −1/n |v ,x | 1/n−1 , we find that the interval Dx, representing the shear margin width across which the velocity drop is Dv, is given by,
[23] The choice of Dv is motivated by the friction law, which defines the slowest stable velocity a rapid stream can have (v c + ), and the fastest stable velocity an interstream (slow) region can have (v c − ) (ST2009). These are defined as the local maximum and minimum of the basal shear stress and, from equation (6) and Figure 1 , can be evaluated to a very good approximation as,
where in equation (6), tanh(b#) ' 1 (see notation section) and where the term b/b 0 vanishes in the absence of topography. We therefore choose Dv = v c + − v c − to represent the drop in velocity across the shear margin. To evaluate the validity of equation (10) we let the numerical simulation converge to a steady state ice stream for several sets of the parameters n and A (Table 2) , and measure the shear margin width, defined as the interval
across which the drop in velocity is Dv (Figures 3a and 3b) . We then fit the simulation data to a function of the form,
and use least squares to solve for the unknown parameters, c 1,2 ,
Figure 3a shows that equation (13) predicts fairly well the shear margin width for the specific model we consider here.
We can now use the functional relation (13) to evaluate the shear margin width as function of the rheology parameters n and A. Figure 4 shows that a particular shear margin width, Dx, is consistent with a continuous range of values for n and A. The choice of a specific value for n and A will affect the magnitude of the effective viscosity and, as we show below, the evolution and character of the flow. Other physical mechanisms, not considered here explicitly, may also be a factor in explaining the shear margin width (e.g., strain-induced anisotropy) [Echelmeyer et al., 1994; Truffer and Echelmeyer, 2003 ].
Analyzing the Stagnation of an Ice Stream
[24] The ice-stream-like pattern generated under the friction law (equation (6)) may be arbitrarily wide, limited only by the availability of a mass source that can sustain it (ST2009). As the mass accumulated in the source region is exhausted, the driving stress due to the surface slope (Table 2) . diminishes and the stream narrows until it reaches a critical width and stagnates. This behavior can occur periodically under a time-independent mass source as seen in the Newtonian fluid simulations of ST2009. We observe a similar behavior for the non-Newtonian rheology and the particular bed structure in Figure 2a , yet the more general configuration used here allows for several new and different modes of rapid flow for a given mass source distribution, M ( Figure 5 ). One mode is a temporary fast flowing icestream-like region, enclosed within a slower flowing region, that does not grow all the way to the outflow boundary before stagnation (Figure 5b) . A second mode occurs when the fast flowing region propagates to and breaks through the downstream boundary to form an ice stream (Figure 5c ). A third mode occurs when the driving stress is sufficiently large to drive the flow into the rapid regime throughout most of the upstream region and all of the downstream region (Figure 5d ).
[25] These different modes all occur within the same model run in a seemingly aperiodic manner. The behavior seems chaotic in time, although the length of the time series, limited by computational cost, does not allow us to verify this. Some of these features are clearly not realistic and likely to be due to the idealizations used in our model and friction law. But these results do demonstrate the rich behavior supported by this simple model and sliding law, and some of these modes may be relevant to the observed behavior of the Siple Coast ice streams.
[26] Once an ice stream is formed, its shear margins migrate inward until it reaches a certain width, and then the ice stream becomes stagnant abruptly (at ∼50 km in Figure 5c ). The migration rate inferred from Figures 5a and 5c is ∼250 m/yr, consistent with observations within an order of magnitude. The critical state of a rapid flowing ice stream just before stagnation, and in particular the maximum velocity and width, can be characterized using the friction law (equation (6) and Figure 1 ). Simulation results (Figure 6 ) show that just before the stagnation, the minimum downstream velocity v at the downstream part of the ice stream, is just above v c + . At that instant, the stream width is narrower in model runs for which the shear margin width is narrower (Figures 6c and 6d) , providing insight into the stagnation mechanism of the ice streams in this model: a stagnation occurs when the ice stream width is about twice the shear margin width, or, put more crudely, when the two shear margins, as per our definition (equation (12)), first touch. For example, Figure 6c shows that the shear margin width before stagnation is 27 km while the ice stream width (also per our definition) at that point is 53 km. This implies that before stagnation the ice stream narrows to a width of the order of tens of kilometers where it quickly becomes stagnant. This stagnation process of ice streams in our model seems qualitatively consistent with that of Kamb Ice Stream (originally ice stream C), which narrowed by 30% before a rapid stagnation at a final width of ∼75 km (averaging along the interval between the grounding line and ∼200 km upstream) [Catania et al., 2006; Jacobel et al., 2000] .
Transient and Asymmetric Behavior of the Upstream Flow
[27] As expected, the flow from the mass source region to the downstream area tends to concentrate in the gap through the bottom topography ridge. Although the mass source is Figure 6a and dashed curve in Figure 6b ) the ice stream becomes stagnant. (c) A demonstration that the critical width of an ice stream just before stagnation is a function of the shear margin width. Shown is the ice stream width just before stagnation, as a function of the shear margin width Dx (equation (13)). Circles denote four stagnation events in run 1d, and squares denote two stagnation events in run 1g (Table 2 ). These two runs differ in the values of n and A, showing that for a given value of the rheology parameters the critical width of the ice stream is nearly constant. (d) A typical cross section of the downstream velocity v at y = y c in Figure 6b , just before stagnation (runs 1d and 1g).
uniformly spread along the upstream boundary, and the bed topography and roughness are also symmetric with respect to the gap center at x = 0.5, the transverse component of the velocity u in the upstream region can become asymmetric ( Figure 7 ). As mass is accumulated in the source area, transverse surface slopes build up (red regions in Figure 2b ). Over time, the transverse driving stress can reach a critical value where u becomes larger than the friction law critical velocity v c − and a region of rapid flow develops. Such a flush event is active on one side of the gap for ∼1 year, and then ceases for another half year, before a new flush event initiates on the other side of the gap, creating a cycle with a period of about 3 years (Figure 8a ). This behavior is absent for some rheological parameter combinations (e.g., n = 2, log 10 A = −21.1; run 1c, Table 2 ) that lead to a more viscous flow in the upstream region and for which transverse surface slopes in the upstream region do not build up sufficiently.
[28] The occurrence of an upstream flush slightly increases the mass flux in the downstream regions ( Figure 8a) . As a result, the ice stream width (measured for this purpose as the width of the downstream velocity contour v = 1 in dimensionless units) varies with a small amplitude between 37.8 and 38.9 km and the maximum downstream speed varies approximately between 124.7 and 125.8 m/yr.
[29] The transverse velocity flushes also transport mass from one half of the domain (e.g., x < 0.5) to the other half (e.g., x > 0.5) (Figure 9 ). The transverse mass flux across the interface x = 0.5 occurs mostly in the mass source area, for 0 < y ⪅ 0.3. Further downstream, there is hardly any mass flux exchange between the two domain halves.
[30] We observe the transverse flushes described above in higher-resolution simulations (grid spacing 1.25 km) as well, which indicates that their presence is due to the model dynamics rather some numerical artifacts. In particular the asymmetric behavior of the upstream flow could be a result of a spontaneous symmetry breaking due to the nonlinear nature of the system (as is typical for example in simpler dynamical systems undergoing a pitchfork bifurcation) [Strogatz, 2001] . That is, the symmetric solution becomes linearly unstable to small perturbations and the system switches to an asymmetric state. However we do not feel these flushes are necessarily relevant to the onset area of observed ice streams as our representation of the upstream area is less adequate than in other parts in the flow domain. Specifically, our model neglects vertical shear and the complex topography in observed onset areas, and the mass source distribution is not realistic. Nevertheless, we still find it interesting that the model dynamics allows for the rich dynamics of intermittency, asymmetry and "flushing" behavior, even if this tells us more about what the physics included in the model is capable of, than about the specific dynamics of the Siple Coast ice stream onset area.
Interaction of Two Streams
[31] To study the interaction between two adjacent streams we introduce two gaps into the prescribed bottom topography ridge separating the source region from the downstream region ( Figure 10a and Table 1 with j = 3). Again, the flow from the mass source area is concentrated in the gaps in the basal topography, driven by transverse surface gradients (Figure 10b) . We analyze the flow pattern over this topography in a set of simulations with the rheological parameters shown in Table 3 . We focus on describing several interesting features and issues that arise in the numerical solutions: (1) the different flow patterns that form, (2) factors leading to independent versus merging streams, (3) the destabilization of spatially symmetric solutions, and (4) the role of non-Newtonian rheology.
Flow Patterns in the Presence of Two Adjacent Streams
[32] The flow pattern in the presence of two gaps in the bed topography and with a constant mass source intensity strongly depends on the rheological parameters that determine the shear margin width (section 4.1 and Figure 4 ) and on the critical velocities associated with the basal friction law (equation (11)). Depending on these parameters, the flow may arrange to form a single stream fed by both openings in the topography (Figures 10c, 12a, and 12b) , two separate steady streams (Figure 11a ), or asymmetric streams that alternate active phases with seemingly chaotic behavior in time (Figures 12c, 12d, and 13) .
[33] Consider first the issue of two separate streams versus the merging of two streams into a single wide stream. When the shear margins are sufficiently narrow (e.g., run 2c in Table 3 ), the flow can reach a steady state with two separate streams emanating from the two bed topography gaps ( Figure 11a ). As the rheological parameters are changed and the shear margins widen, the margins of the two streams approach each other (Figure 11b ). Model simulations reveal a simple picture: as the margins of the two streams approach, the slow flow in between them speeds up due to horizontal shear stresses with the relatively faster flow to either side. When the flow velocity in the interstream region reaches the critical velocity v c − , it is in the unstable range shown in Figure 1 , and its speed increases to over v c + before it stabilizes again, leading to merging of the two streams to a single wide one. It is clear that the minimum stable width of the inter stream between two initially isolated and adjacent streams, decreases as the shear margin width decreases.
[34] Once the two streams merge into a single wider stream (Figure 10c ), the downstream mass flux increases substantially. The upstream mass source cannot sustain this large mass flux in a steady state and, as a result, the streams eventually separate again. This can result in an oscillatory behavior where two streams combine and then separate repeatedly (Figure 12a ). The separation of the streams occurs via the downstream movement of the point at which the two streams merge downstream of the topographic gaps ((x, y) = (0.5, 0.55) in Figure 10c ).
[35] This merging of two streams and the splitting of a wider stream demonstrate that there is no inherent width scale for ice stream solutions due to the triple-valued sliding law (ST2009). The sliding law allows the two regimes of fast and slow flow to coexist, and the only limit on the maximum width of the fast flow domain is the availability of a mass source that can sustain it.
Spontaneous Symmetry Breaking of the Interaction Pattern
[36] If the model is initialized with initial conditions that are symmetric with respect to the two gaps in the topography, the solution remains symmetric for long periods of time even with time-dependent, oscillatory solutions of merging and separating ice streams (as described above and shown in Figures 12a and 12b) . It turns out, however, that for a fairly wide range of rheological parameters, this initially symmetric solution is unstable and can undergo spontaneous symmetry breaking: applying a small asymmetric ice thickness perturbation to an initially symmetric model simulation leads to a complex, seemingly chaotic, asymmetric flow pattern (Figures 12c, 12d, and 13) . The perturbation introduces a temporal phase difference between the two ice streams which is then sustained by the dynamics.
[37] Specifically, the upstream driving stresses in the domain half where a thickness perturbation is introduced (e.g., x > 0.5) reaches the critical value leading to ice stream formation earlier than the other half (Figure 13b ). That initial ice stream consumes part of the mass source in the x < 0.5 half of the domain, and hence delays the formation of an ice stream there (Figure 12d) . However, the mass source is insufficient to sustain a steady ice stream and is continuously being exhausted, resulting in the ice stream getting narrower. As it narrows, the volume of ice it draws from the other half of the domain x < 0.5 diminishes (Figure 12d ) and hence the driving stress there can build up to the critical value. Eventually, a stream emerges at x < 0.5 and coexists for a while with the initial stream (Figure 13c ), but at the same time draws ice away from the initial stream and hasten its stagnation (Figures 13d and 13e) . At times, another pattern may occur when the emerging new stream and the initial stream combine into a single, asymmetric wide stream (Figure 13g ). This competition over the upstream mass source [e.g., Anandakrishnan and Alley, 1997; Payne and Dongelmans, 1997; Payne, 1999; Joughin et al., 1999] is not present in time-dependent simulations with symmetric initial conditions (compare Figure 12b with Figure 12d ).
[38] We find that larger values of the effective viscosity lead to stable, two stream, symmetric solutions. The instability of the symmetric solutions as the shear margin width is increased, in both this section and in section 4.3, is reminiscent of a pitchfork bifurcation which typically occurs in spatially symmetric systems [Strogatz, 2001] . However, the unstable symmetric solution as well as the emerging stable asymmetric solutions are all time-dependent here, as opposed to the fixed point (steady state) solutions in the normal form of the pitchfork bifurcation.
The Role of Ice Rheology Versus Basal Sliding Law
[39] Finally, consider the role of the non-Newtonian rheology versus that of the triple-valued sliding law in causing the observed rich spatiotemporal behavior shown above. We repeated run 1b (Table 2) for several constant (i.e., Newtonian) viscosity values of m 0 , (1.25m 0 , 1.78m 0 and 10m 0 ), where m 0 is the minimum effective viscosity from the shear margins of the reference, non-Newtonian simulation (run 1b). The results indicate that, for sufficiently low Newtonian viscosity, the spatial variability patterns in the constant viscosity simulations are essentially the same as in the non-Newtonian case. However, the time scales of the periodicity depend on the effective viscosity used. The three lower-viscosity values listed above resulted in time oscillatory solutions similar to the non-Newtonian run, but with an order of magnitude shorter time scale than the nonNewtonian reference simulation. This period increases with the effective viscosity, but so does the shear margin width. When the Newtonian viscosity is increased in these simulations in an attempt to lengthen the period of the oscillations to its non-Newtonian value, the flow becomes too viscous and the spatiotemporal variability obtains a different character. In the simulation with a constant viscosity of 1.78m 0 the flow was sufficiently viscous that the transverse flushes in the upstream region were eliminated, while the simulation with 10m 0 led to a slow, steady flow with no ice-stream-like patterns. We conclude that the spatial patterns of variability seen, for example, in Figures 5, 7, 8, 12 , and 13 are mostly due to the triple-valued sliding law and not the non-Newtonian ice rheology. However, the Table 3 ) that can lead to their merging (Figure 10c ).
shear thinning due to the non-Newtonian rheology allows the model to develop more realistically narrow shear margins and seemingly more relevant temporal variability. Therefore, both the basal sliding law and the non-Newtonian effects play a significant role in the model variability analyzed here.
Conclusions
[40] We analyzed ice-stream-like flows due to a triplevalued sliding law and power law ice rheology, using the shelf-stream approximation. The flow was driven by an upstream mass source, specified to be uniform transversely to the ice stream flow. The basal topography was specified to have an upstream ridge with one or two gaps directing the streamflow (Figures 2a and 10a) .
[41] The triple-valued sliding law was previously shown to support a bistable flow pattern, where regions of rapid flow coexist with much slower ones [Fowler and Johnson, 1996; ST2009] . The present work extends these findings by (1) allowing for a non-Newtonian rheology and (2) investigating the spatiotemporal consequences of the interaction of two adjacent model ice streams.
[42] Considering the flow of a steady ice stream, we first derived and numerically verified a scaling relation between the width of model ice stream shear margins and the ice rheology parameters representing the ice stiffness and the power law exponent. It should be emphasized that we define the shear margin width with relation to the critical velocities, v c± , in the sliding law (equation (12)), whereas observational data may relate to a different measure related to morphology and surface features. We also showed that the width of the shear margins affects the minimum sustainable width of a stable model ice stream, as well as the minimum width of an area between two ice streams. The stagnation of an ice stream in our simulations occurs quickly compared with the time the ice streams are active. An ice stream tends to narrow before stagnation and can be tens of kilometers wide immediately before becoming stagnant. These characteristics appear to be roughly consistent with observations (e.g., of Kamb Ice Stream).
[43] Introducing two gaps in the bottom topography led to the formation of two ice streams fed by the same source. We showed that the two streams can remain separated if their shear margins are sufficiently narrow, or may combine into a single wider stream. We explained that the implication is that under a multivalued sliding law there is no intrinsic width to the ice streams, and their maximum width is only limited by the availability of a mass source that can sustain the mass flux carried by a wide stream. Finally, we demonstrated the existence of two-stream solutions that are symmetric with respect to the domain center, have a complex, seemingly aperiodic time behavior, and are unstable. Introducing an asymmetric perturbation to such a symmetric solution resulted in a transition to an asymmetric timedependent solution where two streams compete over their common source.
[44] Our results indicate that the qualitative spatial patterns of variability we find are a consequence of the triplevalued sliding law. The same patterns are seen with a low constant viscosity (Newtonian rheology), but their time scale is much shorter. Increasing the Newtonian viscosity leads to longer time scales, but the model then loses the ability to simulate the spatiotemporal ice-stream-like variability, and the shear margins become too wide. The nonNewtonian rheology is therefore important for the simulation of spatiotemporal variability at seemingly relevant temporal and spatial scales.
[45] The many two stream solution regimes shown in section 5 display complex time-dependent patterns reminiscent of the spatiotemporal variability of the Siple Coast ice streams. Specifically, we see ice streams that become stagnant at times while others become active, competition for a common mass source, seemingly chaotic behavior in time, shear thinning effects allowing for the existence of narrow shear margins, and merging streams (as observed, for example, by Joughin et al. [2002] ), all occurring on time scales relevant to those inferred for real ice streams.
[46] The minimal shear margin width in this model is about 5 km, which may be larger than that of some observed margins (Echelmeyer et al. [1994] observe a 4-5 km margin). As emphasized above, we have no pretense of realistically simulating observed ice streams in this work. Instead, we wish to study the effects of the triple-valued sliding law in detail, and this necessarily implies some idealizations. It is still important, of course, that the simulation resolves the model shear margins to ensure numerical consistency. Our numerical resolution is sufficient to resolve the shear margin width that is specified through the non-Newtonian ice rheology, and we have confirmed the robustness of some of the key results (e.g., those of Figure 13 ) by comparison with higher-resolution (1.25 km grid spacing) simulations.
[47] Our model neglects several elements important to the understanding of real ice streams. First, vertical shear is neglected here. This assumption may be valid in regions where bed lubrication is effective and where sliding dominates the velocity field, such as the Siple Coast ice streams; however, vertical shear may become important near ice stream onset areas and between ice streams, which implies that three-dimensional modeling may be necessary to model ice streams properly. The ice stream onset areas are typically steeper, have rougher basal topography, and are probably not as well lubricated as the ice streams. In the presence of vertical deformation, pressure gradients will disperse more efficiently, which may lead to the following outcomes: (1) the basal shear stress may take longer to reach the critical value, making the period in an oscillatory solution longer, and (2) critical basal stress may not be reached at all, preventing flushes in onset regions. Away from the source regions, our model is more likely to be capturing the observed dynamics although one cannot rule out downstream effects due to vertical deformation in the source areas. The interstreams formed in the present model are about 100 times slower than the model ice streams. This implies that the triple-valued sliding law reasonably reproduces interstream ridges although vertical shear is not explicitly included. Nevertheless, it would be interesting to include explicit vertical deformation in order to model the migration time scales of shear margins and the flow in those regions more realistically.
[48] Second, we neglected thermal effects on the viscosity. While the triple-valued sliding law implicitly includes thermal effects at the base of the ice (ST2009), the dependence of ice viscosity on temperature, through the rate factor, A, was neglected. Jacobson and Raymond [1998] suggested that such processes may effect the dynamics and stability of the shear margins. Based on our analysis, a temperature-dependent viscosity may result in a distribution of shear margin widths rather than the unique one (calculated here for a given value of A), which may lead to more complex behavior. For example, decreasing the ice temperature from −6°C to −14°C would result in changing log 10 A from −24.4 to −24.9, which corresponds to an increase in the shear margin width from ∼11 km to ∼15 km for n = 3.15.
[49] In spite of neglecting these important elements of ice stream dynamics, our simplified description is capable of producing complex spatiotemporal patterns that resemble some of the observed Siple Coast ice stream behaviors. This suggests that it is worthwhile to continue exploring the role of a triple-valued sliding law in ice stream dynamics. Tables 2 and 3 and Figure 12 ). q 1 , q 2 , q 3 , s xj , s y , x j , y 0 Bottom topography parameters (see Table 1 ). t Time (s). Tables 2 and 3 and Figure 12 ) (Pa). t c ± Friction law critical stresses (Pa). F ,x ∂F/∂x.
